Abstract. We construct isometric actions of fundamental groups of closed Riemann surfaces on the complex hyperbolic plane, which realize all possible values of Toledo's invariant . For integer values of these actions are discrete embeddings. The quotient complex hyperbolic surfaces are disc bundles over closed Riemann surfaces, whose topological type is described in terms of . We relate our geometric construction to arithmetic constructions and discuss integrality properties of .
Introduction
Let denote a closed oriented surface of genus g 2 and = 1 ( ) its fundamental group. Let G = PU(n; 1) denote the group of biholomorphic isometries of complex He showed furthermore that j j = 2g ?2 holds if and only if is an isomorphism onto a lattice in the stabilizer of a complex geodesic in H n C . By relating ( ) to the rst Chern class of a certain line bundle we show that it satis es the integrality property: 2 2 n + 1 Z: (1. 2) The function : Hom( ; PU(n; 1)) ?! 2 n + 1 Z is locally constant and the Toledo invariant takes one value on each connected component of the representation space. Xia 16] shows that, vice versa, the Toledo invariant Theorem 1.1. For every genus g 2 and every satisfying (1.1) and (1.2) there exists a representation : ! PU(2; 1) with ( ) = .
When is not an integer, then is not faithful in our examples (but ( ) is discrete when = 4=3). However, when is an even integer, we nd discrete embeddings: Theorem 1.2. For every genus g 2 and every even integer satisfying (1.1) there exists a convex-cocompact discrete and faithful representation : ! PU(2; 1) with ( ) = . Furthermore, the complex hyperbolic surface M = H 2 C = ( ) is di eomorphic to the total space of an oriented R 2 -bundle over with the Euler number e( ) = ( ) + j ( )=2j Let W be such a totally geodesic submanifold and G its stabilizer. For a surface group , there exist discrete embeddings : ?! G whose image is a cocompact lattice in G. When W is a complex line, then j ( )j = 2g ? 2 is maximal; we say that is complex Fuchsian. When W is a totally real plane, then ( ) = 0; then we say that is real Fuchsian. These two special cases are building blocks in our constructions.
Quotients of H 2 C by real and complex Fuchsian groups provide two quite di erent kinds of complex hyperbolic surfaces. For any manifold M 1 which is the quotient space of the complex Fuchsian group, contains as a totally geodesic complex curve. In contrast, the quotients M 2 of the real Fuchsian groups are Stein manifolds (see Burns and Shnider 2] or Goldman 5],x5.4.7). Moreover, the surfaces M 1 and M 2 are not even homeomorphic. They are both di eomorphic to total spaces of oriented 2-plane bundles over . The Euler number of the bundle equals ( )=2 for M 1 and ( ) for M 2 . These two examples are discussed in detail in xx2.3{2.5.
The examples in Theorem 1.2 amalgamate real and complex Fuchsian representations. The representations in Theorem 1.1 amalgamate pairs of holonomy representations of hyperbolic cone structures on closed surfaces.
The present paper is an extended and corrected version of the preprint 6].
2. Representations of surface groups in PU (2, 1) Recall that is called a discrete embedding if its image is a discrete subgroup of G and is injective. In case is a discrete embedding, the quotient M = H n C = ( ) is a complex hyperbolic manifold. A section s of the at bundle X corresponds to a homotopy equivalence f : ?! M as follows. Lifting everything to the universal covering~ , the section s of X de nes a sections :~ ?!~ X which is the graph of a -equivariant mapf :~ ?! X. Equivariance implies thatf covers a map f : ?! M which induces the isomorphism 1 ( ) ?! ( 1 ( )) = 1 (M):
Since both and M are aspherical, f is a homotopy equivalence. Thus We apply this remark now in two concrete situations. Let ! H n C be the canonical line bundle and ! H n C be the restriction to H n C of the tautological bundle C n+1 n f0g ! P n (C ) over projective n-space. Then n+1 = .
There are canonical actions of SU(n; 1) on and of PU(n; 1) on . Both bundles carry invariant Hermitian metrics which are unique up to scaling. The corresponding curvature forms are given by
where ! denotes the K ahler form on H n C .
Given a representation : ! PU(n; 1) we consider the line bundle L ! associated to ! H n C . We obtain c 1 (L ) = arise from compact complex hyperbolic 1-manifolds embedded in complete complexhyperbolic surface. We represent complex hyperbolic space H n C by the subset of projective space of the inde nite Hermitian vector space C n;1 of index one and dimension n+1 corresponding to lines whose induced Hermitian form is negative de nite. Recall that a complex geodesic in H n C is a holomorphic totally geodesic complex curve. A complex geodesic has constant curvature ?1, and is equivalent to C = H 1 where z 2 C and jzj < 1. The stabilizer of C is the image of the embedding U(n ? 1) U(1; 1) , ! PU(n; 1) obtained as the composition of the embedding U(n ? 1) U(1; 1) , ! U(n; 1) (B; A) 7 ! B 0 0 A with the projectivization P : U(n; 1) ?! PU(n; 1). The kernel of the projectivization homomorphism P : U(n; 1) ?! PU(n; 1) consists of scalar matrices and is the center of U(n; 1). There are homomorphisms SU(1; 1) , ! SU(n; 1) , ! U(n; 1) P ?! PU(n; 1) The homomorphism SU(1; 1) ! PU(n; 1) is an embedding since the image of U (1; 1) in U(2; 1) intersects the kernel of P in the trivial subgroup. The surface X = W 1 = has even number of ends; : = 1 (X) ! SU(1; 1) PU(2; 1) is an embedding such that the image of any peripheral element is a transvection in H 2 C . In the next section we prove a technical lemma which implies that the rst condition is necessary and su cient for the existence of satisfying the second condition. Let W 1 = be the convex core, M := H 2 C = ( ) and let and 1 denote the normal bundle and the unit normal bundle to in M. The second hypothesis guarantees a parallel section of the restriction 1 j @ . Following Steenrod 12] , the relative Euler number e( ; ) is de ned as the obstruction to extending to a nonzero section of over all of . Proposition 2.5. The relative Euler number e( ; ) equals 1 2 ( ). Proof. Let p : ( ) ! T( ) denote the projection from the normal to the tangent bundle of given above. It is clear that the relative Euler number is independent of the choice of parallel section (since all parallel sections are homotopic). Thus we may assume that the projection p( ) is tangent to the boundary of . Then e(T( ); p( )) is the Euler characteristic of (it follows for instance from taking the double of along its boundary and making a symmetric extension of to and its mirror image in the double). On the other hand, since p is a 2-fold covering we conclude that e( ; ) = 1 2 ( ).
2.4. Lifting representations from PU(1; 1) to SU(1; 1). Gluing manifolds with geometric structures requires that the structures along the common interface agree.
In our particular case, we glue along quotients by cyclic groups of hyperbolic elements.
We restrict ourselves to the case of complex-hyperbolic plane H 2 when m is even to conclude that (g m ) is also a transvection. This concludes the proof of the proposition. The referee has suggested the following alternative point of view on the ideas in Proposition 2.6. For a Fuchsian representation into PU(1; 1) whose quotient is a triply-perforated sphere (a \pair of pants"), the three generators corresponding to the boundary lift to elements of SU(1; 1) with negative trace, as can be deduced from the law of cosines for hyperbolic right-angled hexagons (see, for example, Theorem 7.19.2 of Beardon 1]). By changing the lifting, one can assume that two of the generators have positive trace and the other generator has negative trace.
If is a compact hyperbolic surface with totally geodesic boundary, then decomposes into pants. Furthermore the number of pants in the decomposition equals ? ( ) which has the same parity as the number m of components of @ . Since the loops corresponding to m ? 1 components of @ can be included in the set of free generators of H 1 ( ; Z), we can lift the generators of the fundamental groups of all but one of the boundary components C 1 ; : : : ; C m?1 to have positive trace. We show that the the sign of the trace of (C m ) will be (?1) m = (?1) ( ) , by induction on ? ( ).
Decompose into pants, and choose one pants P in the decomposition which intersects @ . Apply the induction hypothesis to 0 = ? P, whose Euler characteristic equals 1+ ( ). Now 0 has either one less or one more boundary component than (depending on how many components of @P meet @ ). Suppose rst that 0 has one more boundary component than . By induction we assume that one component of To show that the distance between these hypersurfaces is positive choose such that ( ) < < . Recall that the nearest-point projection in Hadamard spaces does not increase the distance. Hence for j = 1; 2 the set U j; := ?1 j (W 0 ? Nbd (W 0 )) contains the ( ? )-neighborhood of the hypersurface @ ?1 j (Nbd (W 0 )) and as we already proved U 1; \ U 2; = ;. The second assertion of the proposition follows. We call (v 1 ; v 2 ) a normal frame at x. Note that our assumptions on imply that the normal frame canonically extends to a smooth parallel frame eld along . Such a normal frame and the number > 0 uniquely determine a neck N( ;`) in the manifold M around as follows:
Any liftw 1 Let S be a complete hyperbolic surface and a simple closed geodesic in S. Let S ! S denote the locally isometric covering of S corresponding to the subgroup of 1 (S) generated by . Let^ denote the simple closed geodesic in S covering . We say that the -neighborhood Nbd ( ) of in S is injective if the projection Nbd (^ ) ! Nbd ( ) is a di eomorphism. Equivalently, is contained in for every geodesic arc in S with both end-points on and`( ) 2 . Suppose that ? k is a nitely-generated group as in Lemma 3.4, k is the compact convex core of the surface S k = W k =? k . We assume that all boundary geodesics of k have the same length`. Lemma 3.4 implies: Lemma 3.5. Let > 0 and suppose that`satis es sinh 2 k sinh k 1 2 ; (3.4) Then the {neighborhood of each boundary geodesic of k is injective and {neighborhoods of distinct geodesics are disjoint. Remark 3.6. In the case of equality in (3.4) sinh `k 2k sinh k = 1 2 ; then`1 <`2. If = 1 = ln(6) then sinh(`1=2) = 6=35.
3.4. Neck neighborhoods. Now we combine the results of the previous three sections to construct neck neighborhoods around certain geodesics in complex-hyperbolic surfaces.
De nition 3.7. Let M be a complex-hyperbolic surface and M be a simple closed geodesic of length`. We say that admits an ( ; l)-neck neighborhood Neck ( ) of width in M if it has a neighborhood in M which is isometric to the model neck N( ;`).
Suppose that W k W = H 2 C is a totally geodesic plane of the curvature ?k ?2 and ? k is a nitely-generated purely loxodromic discrete subgroup of PU(2; 1) stabilizing W k . We assume that S k = W k =? k is not compact and k S k is the compact convex core so that the length of each boundary geodesic equals the same number`. We also assome that each element of ? k representing a boundary geodesic of k is a transvection.
To construct the in nitesimal data for the neck around each boundary geodesic of k choose a normal frame at Hence P ?1 (Nbd ( ))\P ?1 (Nbd ( )) = ; and Neck ( )\Neck ( ) = ; as desired.
Proof of the Main Theorem
We begin with an oriented closed surface with a piecewise hyperbolic structure of the following kind. There is a collection B of disjoint simple closed geodesics on such that on each component of ? B the metric either has constant curvature ?1 or constant curvature ?1=4. Let k (k = 1; 2) denote the subsurface of ? B where the curvature equals ?k ?2 . The surfaces k could be disconnected. We assume that each loop 2 B is adjacent to both 1 ; 2 . Thus we orient B so that the surface 1 lies to the left from B. Our construction involves two assumptions:
The boundary of each component of 1 has an even number of components. All components of B have the same length`<`1 = sinh ?1 (6=35). M is di eomorphic to the total space of an oriented disc bundle which has the Euler number ( 1 )=2 + ( 2 ). Outline of proof. We embed 2 (respectively 1 ) as a totally real (respectively holomorphic) totally geodesic submanifold inside a complete complex hyperbolic surface X 2 (respectively X 1 ) so that:
1. The embeddings f k : k ! X k , k = 1; 2 are homotopy equivalences. 2. The homotopy-inverse to f k is the nearest-point projection^ k : X k ! f k ( k ). These normal frames determine necks Neck ( ) X k around the geodesics f k ( ) so that necks around distinct geodesics are disjoint (see Lemma 3.8 As a consequence of the lemma, the corresponding holonomy representations ! PU(2; 1) are discrete and faithful. The pleated surfacef :~ ! H 2 C has bending angles equal to =2 and the bending locus consists of 2 -separated geodesics. According to (3.4), we can make arbitrarily large if we choose l su ciently small. Since H 2 C has pinched negative curvature, it follows that for su ciently large , the image off is quasi-convex and Hausdor close to its convex hull. Thus, the action of G = 1 (M) We construct a continuous vector eld V along the piecewise totally geodesically embedded spine surface (4.1) as follows: Along the folding loops f(B) we choose V to be a parallel unit vector eld orthogonal to both f( k ). This is possible because the holonomy along all loops f(B) is trivial. Next we extend V to sections of the normal bundles of the surfaces f( k ) which are smooth on f( k ) and have isolated zeros. By the computation in x2.3 and x2.5, the sum of the multiplicities for the zeros of V equals ( 1 )=2 on the complex portion f( 1 ) and ( 2 ) on the totally real part f( 2 ). We use the vector eld V to homotope f( ) o itself to a nearby surface g( ) which intersects f( ) transversally in nitely many points. The multiplicities of the intersection points sum to the Euler number e(M ! ) of the oriented D 2 -bration M ?! , which equals We use the representation as a building block to construct a representation Now we compute Toledo's invariant for the representation 2 . Identifying the sides of Q via the transformations A ; B gives a hyperbolic cone structure on the 2-torus T with a single cone point k with total angle 4 = 2 =3, see 13] . (This cone structure is actually an orbifold structure.) The punctured surface S = T ? fkg has an incomplete hyperbolic structure whose developing map d :S ! H 1 C maps a fundamental domain inS to Q . The homomorphism is the holonomy of this hyperbolic cone structure. We decompose along a simple loop c into two punctured tori j so that 1 ( j ) is identi ed with the subgroup in 1 ( ) generated by j ; j . We choose orientation preserving di eomorphisms h j : j ! S which map a neighborhood of c to a neighborhood of k. The equivariant maps f 1 ; f 2 extend uniquely to a 2 -equivariant mapf :~ ! H 2 C . There is a fundamental domain for the action of on~ which maps onto the union Q (Q ) preserving orientation. Thus 
